Modal expansion theories for singly periodic diffraction gratings by Andrewartha, JR
MODAL EXPANSION THEORIES FOR 
SINGLY - PERIODIC DIFFRACTION GRATINGS 
by 
.R. Andrewartha, B.Sc.(Hons.), University of Tasmania 
A thesis submitted in fulfilment 
of the requirements for the degree 
of Doctor of Philosophy. 
UNIVERSITY OF TASMANIA 
HOBART 
August, 1981 
Except as stated herein, this thesis contains 
no material which has been accepted for the award of any 
degree or diploma in any university. To the best of my 
knowledge and belief, this thesis contains no copy or 
paraphrase of material published by another person, 
except where due reference is made in the text of the 
thesis. 
John R. Andrewartha 
August, 1981. 
Any part of this thesis may be photocopied. 
SUMMARY 
ACKNOWLEDGEMENTS 
CHAPTER 1 INTRODUCTION 
CONTENTS 
1.1 INTRODUCTION TO GRATING THEORY AND 
DEFINITION OF TERMS 
1.1.1 The Grating Equation and Diffraction 
PAGE 
( ; ) 
(iii ) 
1.1 
1.3 
Problem 1.3 
1.1.2 Scalar Theories 1.7 
1.1.3 Properties of the Field Amplitudes 1.8 
1.1.4 The Littrow Mounting 1.9 
1.2 MODERN GRATING THEORIES 
1.2.1 The Rayleigh Method 
1.2.2 Integral Theories 
1.2.3 Differential Theories 
1.2.4 Modal Expansion Methods 
1.2.5 Miscellaneous Theories 
1.3 THE METHOD OF JOVICEVIC AND SESNIC 
1.4 CONTENTS OF THE THESIS 
CHAPTER 2 THE INFINITELY-CONDUCTING LAMELLAR GRATING 
2.1 INTRODUCTION 
2.2 THEORETICAL FORMALISMS 
2.2.1 The Reflection Grating 
2.2.2 The Transmission Grating 
2.3 SYMMETRY PROPERTIES 
2.3.1 Long-Wavelength Relations 
2.3.2 First-Order Littrow Relations 
2.3.3 Normal Incidence 
2.4 NUMERICAL CONSIDERATIONS 
2.5 A PROPERTY RELATING THE REFLECTION AND 
TRANSMISSION GRATING AMPLITUDES 
1.11 
1.11 
1.13 
1.16 
1.17 
1. 20 
1. 21 
1.24 
2.1 
2.9 
2.9 
2.17 
2.22 
2.24 
2.27 
2.30 
2.31 
2.40 
2.6 SPECTRAL PROPERTIES 
2.6.1 The Reflection Grating 
2.6.2 The Transmission Grating 
2.7 LIMITED MODE APPROXIMATIONS 
2.7.1 Introductory Remarks 
2.7.2 Theory and Discussion of Results 
CHAPTER 3 DYNAMIC BEHAVIOUR OF THE LAMELLAR GRATING 
3.1 INTRODUCTION 
3.2 RESONANCE ANOMALIES 
2.43 
2.44 
2.51 
2.54 
2.54 
2.54 
3.1 
3.2 
3.2.1 Introduction 3.2 
3.2.2 Resonances in the Lamellar 
Reflection Grating 3.10 
3.2.3 Resonance Poles for Some Alternative 
Profiles 3.46 
3.2.4 Resonances in the Lamellar 
Transmission Grating 3.50 
3.3 BLAZE ACTION OF THE REFLECTION GRATING 
3.3.1 Introductory Remarks 
3.3.2 Blazing Conditions 
3.4 "PASSING OFF" BEHAVIOUR 
3.5 CONCLUSION 
CHAPTER 4 APPLICATION OF THE LAMELLAR THEORY TO 
RELATED STRUCTURES 
4.1 INTRODUCTION 
4.2 THE BOTTLE GRATING 
4.2.1 Introduction 
4.2.2 Modal Formulation 
3.55 
3.55 
3.56 
3.62 
3. 71 
4.1 
4.2 
4.2 
4.3 
4.2.3 Phase Properties 4.12 
4.2.4 Interferometric Action of the Grating 4.15 
4.2.5 Monomodal Treatment 
4.2.6 Conclusion 
4.3 THE RECTANGULAR-WIRE GRATING PARALLEL 
TO A CONDUCTING PLANE 
4.20 
4.28 
4.30 
4.3.1 Introduction 
4.3.2 Modal Formulation 
4.3.3 Spectral Behaviour 
4.3.4 Conclusion 
4.4 THE STEP GRATING 
4.4.1 Introduction 
4.30 
4.31 
4.35 
4.42 
4.43 
4.43 
4.4.2 The Formulation for S Polarization 4.44 
4.4.3 Numerical Considerations 4.49 
4.4.4 General Profile Approximation 4.52 
4.4.5 Conclusion 4.57 
CHAPTER 5 THE DIELECTRIC AND FINITELY-CONDUCTING 
LAMELLAR GRATING 
5.1 INTRODUCTION 
5.2 THE THEORY FOR S POLARIZATION 
5.2.1 The Incident and Diffracted 
5.1 
5.5 
Plane-Wave Fields 5.5 
5.2.2 The Modal Field in the Groove Region 5.8 
5.2.3 Field Matching by Method of Moments 5.17 
5.2.4 Energy Conservation 5.20 
5.3 THE THEORY FOR P POLARIZATION 
5.3.1 The Modal Field 
5.3.2 Field Matching 
5.3.3 Energy Conservation 
5.4 NUMERICAL SOLUTION OF THE EIGENVALUE 
PROBLEM 
5.4.1 The Dielectric Grating 
5.4.2 The Metal Gratin~ 
5.5 NUMERICAL TESTING AND APPLICATION OF 
THE THEORY 
5.5.1 Verification of the Formalism 
5.5.2 Efficiency Spectra for Dielectric 
Gratings 
5.5.3 Resonance Behaviour of Metallic 
Gratings 
5.23 
5.23 
5.26 
5.27 
5.28 
5.28 
5.30 
5.34 
5.34 
5.48 
5.52 
5.6 CONCLUSION 
CHAPTER 6 THE SEMI-CIRCULAR GROOVE GRATING 
6.1 INTRODUCTION 
6.2 THEORETICAL FORMULATION 
5.55 
6.1 
6.2 
6.2.1 The Diffraction Arrangement 6.2 
6.2.2 Solution of the Diffraction Problem 
for P Polarization 6.4 
6.2.3 Solution of the Diffraction Problem 
for S Polarization 6.12 
6.3 APPLICATION OF THE THEORY 
6.3.1 The Numerical Implementation 
6.3.2 Verification of the Formalism 
6.4 DIFFRACTION PROPERTIES 
6.4.1 Efficiency Spectra 
6.4.2 Resonance Behaviour 
6.5 CONCLUSION 
CHAPTER 7 A GENERAL MODAL THEORY FOR REFLECTION 
GRATINGS 
7.1 INTRODUCTION 
7.2 THE THEORETICAL FORMALISM FOR 
P POLARIZATION 
7.2.1 Notation and Theoretical Outline 
7.2.2 The Eigenvalue Problem 
7.2.3 Field Matching 
7.3 THE THEORETICAL FORMALISM FOR 
S POLARIZATION 
7.4 APPLICATION OF THE THEORY 
7.4.1 Numerical Considerations 
7.4.2 Testing of the Formalism 
7.4.3 Distribution of the Eigenvalues 
7.5 DISCUSSION OF THE METHOD 
7.6 CONCLUSION 
6.14 
6.14 
6.16 
6.20 
6.20 
6.25 
6.29 
7.1 
7.3 
7.3 
7.6 
7.10 
7.12 
7.15 
7.20 
7.25 
7.31 
7.32 
APPENDIX 1 EFFICIENCY SPECTRA FOR THE INFINITELY-
CONDUCTING LAMELLAR GRATING 
APPENDIX 2 ANALYTIC STRUCTURE OF THE FIELD AMPLITUDES 
APPENDIX 3 ORTHOGONALITY OF THE MODE FUNCTIONS WHICH 
OBEY AN IMPEDANCE CONDITION ON THE GROOVE 
APERTURE 
APPENDIX 4 EFFICIENCY SPECTRA FOR THE SEMI-CIRCULAR 
GROOVE GRATING 
( i ) 
sm~MARY 
This thesis reports on the analysis and development of rigorous 
modal expansion techniques for determining the scattering properties of 
singly-periodic diffraction gratings. Both reflection and transmission 
gratings are considered, and although emphasis is given to a theoretical 
study of the formalisms, many numerical results obtained with the latter 
are also presented. Most of the formalisms pertain to gratings having 
specific groove geometries and infinitely-conducting surfaces. However, 
in two cases one or other of these constraints is removed. 
Several of the established formalisms, based on a variety of non-
modal techniques, are reviewed, and the essence of their method described. 
The advantages that modal treatments have over these methods are explained, 
and previous applications of the former are summarised. 
Initial theoretical investigations concern the rectangular-groove 
grating. Intensive studies reveal an alternative approach to the concept 
of diffraction resonance anomalies. They also provide new insight into 
the understanding of this grating 1 s overall behaviour, including its 
blazing and passing-off properties in the first-order Littrow mounting. 
These ideas are usefully extended throughout the thesis to encompass the 
behaviour of all gratings. 
The theoretical treatment for the rectangular-groove grating is 
adapted to account for the diffraction properties of three unusual 
profiles which also possess a rectangular geometry. Two of these 
structures consist of a transmission grating on a reflecting element, 
and are shown to exhibit a pronounced resonance action. Tuning of the 
various grating parameters governs the behaviour of the resonances and 
indicates the potential use of these devices as a type of reflecting 
Fabry-Perot interferometer. The third structure is a stepped reflection 
( i i ) 
grating which proves capable of accurately mode l1 i ng the performance of 
general profile gratings including those with sinusoidal and triangular 
profi 1 es. 
Single and bi-modal expansions are shown to provide useful field 
approximations for not only the conventional rectangular-groove grating, 
but also for two of the three related structures. These approximations 
aid in the examination of resonances and other spectral phenomena. 
Their regions of accuracy and validity are determined. 
The assumption of perfect conductivity is relaxed in a formalism 
which is described for dielectric and lossy metallic surfaces. The 
method is tailored specifically to the rectangular-groove profile and is 
one of the few modal expansion techniques appropriate to non-perfectly 
conducting gratings. 
The thesis concludes with the presentation of two formalisms 
which employ an impedance-related condition to completely specify a set 
of modal functions. The first formalism prescribes a solution for a 
grating whose grooves are semi-circular in cross-section. Eigenfunctions 
for a circular waveguide constitute the modal functions. The second 
formalism accommodates reflection profiles of general groove cross-
section, and utilizes a superposition of the rectangular-waveguide eigen-
functions. The first formalism is employed to evaluate in detail the 
spectral performance of the semi-circular groove grating, while the second 
is applied, not only to this grating, but also to the triangular and 
sinusoidal groove gratings. 
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